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Correspondence should be addressed to Salvador Cruz Rambaud; scruz@ual.es

Received 20 September 2015; Revised 16 December 2015; Accepted 17 January 2016

Academic Editor: Kwai S. Chin
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Usually, traditional methods for investment project appraisal such as the net present value (hereinafter NPV) do not incorporate
in their values the operational flexibility offered by including a real option included in the project. In this paper, real options, and
more specifically the option to abandon, are analysed as a complement to cash flow sequence which quantifies the project. In this
way, by considering the existing analogy with financial options, a mathematical expression is derived by using the binomial options
pricing model.This methodology provides the value of the option to abandon the project within one, two, and in general n periods.
Therefore, this paper aims to be a useful tool in determining the value of the option to abandon according to its residual value, thus
making easier the control of the uncertainty element within the project.

1. Introduction

Real options were introduced as a complement to the infor-
mation provided by the cash flow sequence presented by an
investment project. In this paper, we will use the NPVmodel
to evaluate the level of operational flexibility provided by a
real option. This is a very important feature of investment
projects because the information provided by a real option
can modify the strategy of a company [1]. In effect, it is
well known that the NPV is a static valuation method which
assumes that the basic conditions of a project cannot be
changed [2]. The project value may be underestimated if
it is analysed only by traditional methodologies. Indeed,
identifying the operational flexibility of an investment project
can allow us to take advantage of the uncertainty element
within the project and this can be treated as an increase in its
value [3]. In effect, the ability of a company to be proactive
to changes in the environment makes it possible to take
advantage of some strategic opportunities and therefore to
increase the value of the company.

In other words, real options are managerial tools which
make easier the dynamic management of investment projects

when dealing with abstract concepts [4–6]. Their use can
extend the ability to make a reliable valuation of investment
projects by incorporating some aspects of a strategic nature
[7], since the option values represent the ability of decision
makers to adapt to changing scenarios as the project pro-
gresses and new information becomes available [8].

Real options can affect several parameters of the project
and can appear at any moment. Table 1 shows how each class
of real options affects the value of a particular parameter.

The consideration of real options in the assessment of
a project is useful both in offering an alternative approach
and in providing more concrete material for calculation [9].
The use of real options involves the prior identification of
the options presented in the project [10] and the subsequent
determination of their value. The real options which are ini-
tially considered may help the manager to modify the project
if necessary to enable a more accurate valuation to be carried
out. In addition, the real option inclusion is very helpful to
ensure the smooth running of the project; researches like
that of Driouchi and Bennett [11] reveal that “the real option
attention, knowledge and management can be more crucial
for organizations than real options opportunities.”
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Table 1: Parameters of a project and related real options. Source: own
elaboration.

Parameter Related real option
Cash flow To expand/to reduce
Residual value To abandon
Duration To defer

The real option approach is not widely used in business
practice, despite the advice given in the academic literature
to incorporate it in the assessment of a project. It is in fact
normally used only by companies dealing with very large
capital such us those supplying energy or healthcare, or
in the technology sector. The findings of previous surveys
cite the complexity of its implementation, together with
lack of familiarity, as the reasons for the infrequent use
of real options. Many managers consider the models used
to calculate the real option value as a “black box,” whose
implementation requires a high degree of sophistication.This
leads them to believe that any error in use may be very
difficult to detect [12].

Option pricing constitutes one of the most challenging
problems in computational finance and derivative modelling
[13]. In order to value them, we start from the conceptual
analogywith financial optionswhichmakes possible “extend-
ing the application of real option theory from the framework
borrowed from financial option pricing” [14]. Although these
two types of options are not of the same nature, they have
many similarities. For example, in both cases, the value of an
option is directly related to its maturity and to the volatility
of the underlying asset.

The existing literature about real option valuation indi-
cates two identifiable approaches, namely, discrete and con-
tinuous, depending on the complexity and nature of the
analysed option [15–18]. More specifically, discrete models
are more popular when valuing real options, given their
simplicity [19–22]. In this paper we will use the binomial
options pricing model [23], initially for one defined period,
then for two periods, and, finally, for 𝑛 periods. And this is
because the aforementioned model, used in the context of
financial options appraisal, is also applicable to the case of real
options [24, 25].

In particular, the option to abandon provides the investor
with the opportunity of liquidating the entire investment
project in exchange for an amount called the residual value
[26]. This option can be considered as a put option which
follows a multiplicative binomial pricing process [27]. Thus,
the option to abandon will be exercised if the operation
proves to be inefficient, that is to say,when the present value of
cash flows is less than its residual value, thereby indicating the
optimal time to abandon the investment [28]. These options
are frequently used by venture capital companies because
most of their investments are carried out in innovative
sectors with a high degree of uncertainty [29]. The option
to abandon increases the project value because it reduces the
difficulties to terminate the project activity when it becomes

a bad investment. The residual value of the project can
be constant if its value has been agreed upon in a prior
contract. Nevertheless, the residual value is usually variable,
which makes its estimation more difficult. The residual value
does not have to depend on the project value; in this case,
the option to abandon has two stochastic variables which
complicate its estimation: the future cash flows of the project
and its residual value [30].

Therefore, the aim of this paper is to obtain a mathe-
matical expression for the value of the option to abandon
a project, terminating the business activity and liquidating
assets, after one, two, and 𝑛 periods of time. This type of
option, along with the options to extend, to reduce, and to
defer, is one of the real optionsmost used in business practice
and engineering projects.

In general, the total value of an investment project can be
divided into two components: the static NPV and the value
of the real option [31]. “If the real option value is negligible, a
traditional NPV analysis is sufficient for making a decision”
[12]. Thus, the steps to be taken into account to obtain the
expression of the price of the option to abandon are the
following:

(i) First, the value of an investment project is calculated
by including the flexibility represented by the posses-
sion of an option to abandon.

(ii) Second, it must be shown mathematically whether
this value is greater than the project value without the
option to abandon.

(iii) Finally, the value of the option to abandon is obtained
by the difference between the values of the project
when the real option is included and when it is not.

This paper is organized as follows. After this Introduction,
Section 2 introduces themethodology to be used in the rest of
the paper to obtain themathematical expression of the option
to abandon a project within a period. Section 3 presents the
generalization of Section 2 to two periods and allows us to
derive the mathematical expression for 𝑛 periods, shown in
Section 4. Finally, Section 5 summarises and concludes.

2. Option to Abandon within a Period

The value of the option to abandon a project at any time prior
to the expiry of the first period (denoted by 𝑉(𝐴𝐵)(1)0 ), using
a continuous stochastic process, is given by

𝑉 (𝐴𝐵)
(1)

0

=

1

1 + 𝑟𝑓

∬

+∞

−∞

max {𝑉1, 𝑅𝑉1} 𝑓 (𝑉1, 𝑅𝑉1) 𝑑𝑉1𝑑𝑅𝑉1,
(1)

where 𝑟𝑓 is the riskless interest rate,𝑉1 represents the random
variable which describes the value of the project cash flows
at instant 1, 𝑅𝑉1 denotes the stochastic residual value of the
project at instant 1, and 𝑓(𝑉1, 𝑅𝑉1) is the joint probability
density function of 𝑉1 and 𝑅𝑉1.



Advances in Decision Sciences 3

Nevertheless and for the sake of simplicity, we have
opted for the use of the discrete stochastic model called the
binomial options pricing model. Accordingly, starting from
the present value of cash flows (𝑉0) and the present value of
the residual value (𝑅𝑉0), it is assumed that there are only two
possible scenarios for both 𝑉1 and 𝑅𝑉1 whose probabilities
of occurrence are p and q = 1 − 𝑝, respectively. Thus, the
first scenario describes an upward movement of 𝑉0 and 𝑅𝑉0
with probability p, whilst the second scenario represents
a downward movement of 𝑉0 and 𝑅𝑉0 with probability q.
Therefore, both the value of cash flows and the residual value
at instant 1 can be described by the following dichotomous
random variables representing their evolution:

𝑉1 =

{

{

{

𝑢𝑉0, with probability 𝑝

𝑑𝑉0, with probability 𝑞 = 1 − 𝑝,
(2)

where u and d are, respectively, the upward and downward
possible movements of 𝑉0. As previously indicated, it is
assumed that the residual value is also a dichotomous random
variable. This is because, according to the Gordon and
Shapiromodel [32], the residual value of the project at instant
n (𝑅𝑉𝑛) can be calculated as follows:

𝑅𝑉𝑛 =
𝑉𝑛 (1 + 𝑔)

𝑘 − 𝑔

, (3)

where 𝑉𝑛 is the value of cash flow at instant n, k is the market
discount rate, and 𝑔 is the cumulative increase rate of cash
flows. So, the evolution of the residual value of a project can
be expressed as follows:

𝑅𝑉1 =

{

{

{

𝑢
󸀠
𝑅𝑉0, with probability 𝑝

𝑑
󸀠
𝑅𝑉0, with probability 𝑞 = 1 − 𝑝,

(4)

where 𝑢󸀠 and 𝑑󸀠 are, respectively, the upward and downward
possible movements of 𝑅𝑉0. Thus, the project value with the
option to abandonwill be determined according to the factors
representing the upward (u) and downward (d) movements
applied to the present value of the future cash flows, where
𝑢 = 𝑒
√𝜎 and𝑑 = 1/𝑢,𝜎being the volatility of the present value

during one period. Analogously, the upward and downward
factors concerning the residual value of the project are 𝑢󸀠
and 𝑑󸀠, respectively, where we have assumed that 𝑑 < 𝑑󸀠 <
𝑢
󸀠
< 𝑢. That is to say, the relative range of 𝑅𝑉1 is less

than that corresponding to 𝑉1. This statement is in line with
Mascareñas [27]: if things go well, the early abandonment of
the project is not the best decision, but if they go badly it
might be advisable.

By using the binomial options pricing distribution, these
factors will allow us to foresee the value of the project in a
favourable (𝑉+) or an unfavourable situation (𝑉−), so that

𝑉
+
= max {𝑢𝑉0, 𝑢

󸀠
𝑅𝑉0} ,

𝑉
−
= max {𝑑𝑉0, 𝑑

󸀠
𝑅𝑉0} ,

(5)

whose probabilities of occurrence are p and q, respectively.
Consequently, the NPV of a project with the option to
abandon within a period is given by the following expression:

𝑉 (𝐴𝐵)
(1)

0 =
𝑝𝑉
+
+ 𝑞𝑉
−

1 + 𝑟𝑓

− 𝐼0, (6)

where 𝐼0 is the initial investment. As 𝑉1 and 𝑅𝑉1 are random
variables, the project value will depend on the relative
position of the residual value with respect to the value of
the cash flows both in the case of an unfavourable and
a favourable evolution. Nevertheless, as the residual value
under the favourable condition, 𝑢󸀠𝑅𝑉0, is always less than the
value of cash flow under the same conditions, 𝑢𝑉0, the value
of a project with the option to abandon within a period will
depend on the relative position of 𝑉1 and 𝑅𝑉1 in the most
unfavourable situation. So, it remains as follows:

𝑉 (𝐴𝐵)
(1)

0 =

{
{
{

{
{
{

{

𝑉0 − 𝐼0, if 𝑑󸀠𝑅𝑉0 ≤ 𝑑𝑉0

𝑝𝑢𝑉0 + 𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0, if 𝑑󸀠𝑅𝑉0 > 𝑑𝑉0.
(7)

Obviously, the expression above can also bewritten as follows:

𝑉 (𝐴𝐵)
(1)

0 =

{
{
{
{

{
{
{
{

{

𝑉0 − 𝐼0, if 𝑅𝑉0 ≤
𝑑

𝑑
󸀠
𝑉0

𝑝𝑢𝑉0 + 𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0, if 𝑅𝑉0 >
𝑑

𝑑
󸀠
𝑉0.

(8)

After analysing the project value with the option to abandon
within a period, we will proceed to the mathematical proof
that its value is greater than or equal to the value of the project
without this option. Our final objective is to obtain the value
of the option to abandon.

Proposition 1. The net present value of an investment project
with the option to abandon within a period is always greater
than or equal to 𝑉0 − 𝐼0.

Proof. In effect, we are going to consider the following two
cases:

(1) If 𝑅𝑉0 ≤ (𝑑/𝑑
󸀠
)𝑉0, the net present value of the

investment project with the option to abandon within
a period is

𝑉 (𝐴𝐵)
(1)

0 =
𝑝𝑢𝑉0 + 𝑞𝑑𝑉0

1 + 𝑟𝑓

− 𝐼0 = 𝑉0 − 𝐼0, (9)

which confirms the expected equality/inequality.
(2) If 𝑅𝑉0 > (𝑑/𝑑

󸀠
)𝑉0, the net present value of the

investment project with the option to abandon within
a period is

𝑉 (𝐴𝐵)
(1)

0 =
𝑝𝑢𝑉0 + 𝑞𝑑

󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0. (10)
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Since 𝑑𝑉0 < 𝑑
󸀠
𝑅𝑉0, this gives

𝑉 (𝐴𝐵)
(1)

0 > 𝑉0 − 𝐼0.
(11)

To summarise, the possible results for the net present
value of a project with the option to abandon within a period
are as follows:

(i) If 𝑅𝑉0 ≤ (𝑑/𝑑
󸀠
)𝑉0, the net present value of the cash

flows generated by the project is greater than the
residual value in all cases.Thus, the option to abandon
is not exercised since the best alternative is to continue
with the business activity. Therefore, the value of the
option is zero and then the net present value of the
project is equal to 𝑉0 − 𝐼0.

(ii) Contrarily, if 𝑅𝑉0 > (𝑑/𝑑
󸀠
)𝑉0, the residual value of

the project will be located between the values of the
generated cash flow in the case of a favourable (𝑢𝑉0)
and an unfavourable evolution (𝑑𝑉0). So, in this case,
the value of the option to abandon is positive.

Hereinafter we are going to plot graphically the net present
value of a project and the value of the option to abandon,
for each of the studied maturities. To do this, we present the
following information about the investment project.

Example 2. XHMobile is a mobile phone company which
was established in 2011 and currently operates at national
level. XHMobile managers are considering the expansion of
the business into a foreign market with a view to increasing
its turnover. In order to analyse the project the following
numerical information has been taken into account [27]:

(i) To carry out the project the initial investment
required (𝐼0) is 104 million euros.

(ii) The present value of expected cash flows (𝑉0) is
estimated in 100 million euros.

(iii) The riskless discount rate (𝑟𝑓) is equal to 5%.
(iv) Upward and downward factors affecting cash flows

are 𝑢 = 1.8 and 𝑑 = 0.56, respectively. It is well known
that the risk-neutral probabilities can be calculated
starting from the following expression [33]:

𝑝 =

(1 + 𝑟𝑓) − 𝑑

𝑢 − 𝑑

,
(12)

from where 𝑝 = 39.5% and 𝑞 = 1 − 𝑝 = 60.5%.
(v) Upward and downward factors affecting the residual

value are 𝑢󸀠 = 1.5 and 𝑑󸀠 = 0.9, respectively.

Thus, the value of the project with the option to abandon
within a period is

𝑉 (𝐴𝐵)
(1)

0 =

{

{

{

−4, if 𝑅𝑉0 ≤ 62.22

0.5186𝑅𝑉0 − 36.29, if 𝑅𝑉0 > 62.22
(13)

whose graphic representation can be seen in Figure 1.
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Figure 1: Project value with the option to abandon within a period.
Source: own elaboration.

Finally, we are going to derive the value of the option to
abandon a project within a period (denoted by 𝑂(1)

𝐴𝐵
).

Corollary 3. Thevalue of the option to abandon an investment
project after one period is

𝑂
(1)

𝐴𝐵 =

{
{
{
{

{
{
{
{

{

0, 𝑖𝑓 𝑅𝑉0 ≤
𝑑

𝑑
󸀠
𝑉0

𝑞 (𝑑
󸀠
𝑅𝑉0 − 𝑑𝑉0)

1 + 𝑟𝑓

, 𝑖𝑓 𝑅𝑉0 >
𝑑

𝑑
󸀠
𝑉0.

(14)

Proof. The proof of the first case is obvious whilst, in the
second case, if 𝑅𝑉0 > (𝑑/𝑑

󸀠
)𝑉0, the value of the option to

abandon can be calculated as follows:

𝑂
(1)

𝐴𝐵 fl 𝑉 (𝐴𝐵)
(1)

0 − (𝑉0 − 𝐼0) .
(15)

Therefore,

𝑂
(1)

𝐴𝐵 =
𝑝𝑢𝑉0 + 𝑞𝑑

󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0 − (
𝑝𝑢𝑉0 + 𝑞𝑑𝑉0

1 + 𝑟𝑓

− 𝐼0) , (16)

which can be simplified as follows:

𝑂
(1)

𝐴𝐵 =

𝑞 (𝑑
󸀠
𝑅𝑉0 − 𝑑𝑉0)

1 + 𝑟𝑓

. (17)

Example 4. In Example 2, the value of the option to abandon
is

𝑂
(1)

𝐴𝐵 =

{

{

{

0, if 𝑅𝑉0 ≤ 62.22

0.5186𝑅𝑉0 − 32.29, if 𝑅𝑉0 > 62.22
(18)

whose graphic representation can be seen in Figure 2.
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Figure 2: Value of the option to abandon within a period. Source:
own elaboration.

3. Option to Abandon within Two Periods

The present value of an investment project with the option to
abandon after two periods, denoted by𝑉(𝐴𝐵)(2)0 , will depend

on the evolution of cash flows and the residual value of
the project during these two periods. Figure 3 schematically
represents the evolution of the initial investment, the cash
flows, and the residual values for two periods following the
aforementioned binomial options pricing model.

In this way, the possible project values after two periods
are given by the following expressions:

𝑉
++
= max {𝑢2𝑉0, 𝑢

󸀠2
𝑅𝑉0} ,

𝑉
+−
= max {𝑢𝑑𝑉0, 𝑢

󸀠
𝑑
󸀠
𝑅𝑉0} ,

𝑉
−−
= max {𝑑2𝑉0, 𝑑

󸀠2
𝑅𝑉0} ,

(19)

where their probabilities of occurrence are 𝑝2, 2𝑝𝑞, and 𝑞2,
respectively. Therefore, the project value with the option to
abandon has the following expression:

𝑉 (𝐴𝐵)
2

0 =
𝑝
2
𝑉
++
+ 2𝑝𝑞𝑉

+−
+ 𝑞
2
𝑉
−−

(1 + 𝑟𝑓)
2

− 𝐼0. (20)

Thus, taking into account all possible cases describing the
relative position of 𝑅𝑉0 with respect to 𝑉0, one has

𝑉 (𝐴𝐵)
(2)

0 =

{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{

{

𝑉0 − 𝐼0, if 𝑅𝑉0 ≤
𝑑
2

𝑑
󸀠2
𝑉0

𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0, if 𝑑
2

𝑑
󸀠2
𝑉0 < 𝑅𝑉0 ≤

𝑢𝑑

𝑢
󸀠
𝑑
󸀠
𝑉0

𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢

󸀠
𝑑
󸀠
𝑅𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0, if 𝑅𝑉0 >
𝑢𝑑

𝑢
󸀠
𝑑
󸀠
𝑉0.

(21)

The next step is to demonstrate mathematically whether the
present value of the investment project with the option to
abandon within two periods is greater than or equal to

(i) the project value with the option to abandon within a
period and

(ii) the project value without this option.

Our final objective is to obtain the value of the option to
abandon a project after two periods from the present. But first
we are going to enunciate the following result which will be
needed for another statement to be proved.

Lemma 5. If the market discount rate (k) is less than 1 + 𝑟𝑓,
then 𝑝𝑢󸀠 + 𝑞𝑑󸀠 > 1 + 𝑟𝑓.

Proof. Let us start from expression (3) of 𝑅𝑉𝑛. In this paper,
the increase rate of the present value is 𝑟𝑓, so, we can write

𝑅𝑉𝑛 =

𝑉𝑛 (1 + 𝑟𝑓)

𝑘 − 𝑟𝑓

. (22)

On the other hand, as

𝐸 (𝑅𝑉𝑛) = (𝑝𝑢
󸀠
+ 𝑞𝑑
󸀠
)

𝑛
𝑅𝑉0,

𝐸 (𝑉𝑛) = (1 + 𝑟𝑓)
𝑛
𝑉0,

(23)

we can write

(𝑝𝑢
󸀠
+ 𝑞𝑑
󸀠
)

𝑛
𝑅𝑉0 =

(1 + 𝑟𝑓)
𝑛
𝑉0 (1 + 𝑟𝑓)

𝑘 − 𝑟𝑓

, (24)

from where

(𝑘 − 𝑟𝑓) (𝑝𝑢
󸀠
+ 𝑞𝑑
󸀠
)

𝑛
𝑅𝑉0 = (1 + 𝑟𝑓)

𝑛
𝑉0 (1 + 𝑟𝑓) . (25)

As 𝑅𝑉0 < 𝑉0 (otherwise, the company would have chosen
not to undertake the project [27]) and 𝑘 − 𝑟𝑓 < 1+ 𝑟𝑓, we can
deduce that

𝑝𝑢
󸀠
+ 𝑞𝑑
󸀠
> 1 + 𝑟𝑓. (26)
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u󳰀RV0

d󳰀RV0

u󳰀2RV0

d󳰀2RV0

u󳰀d󳰀RV0

I0 󳨀→ I0(1 + rf) 󳨀→ I0(1 + rf)
2

Figure 3: Evolution of the initial payment, cash flows, and residual
values over a period of two years. Source: own elaboration.

RV0 ≤
d

d󳰀
V0 (I11) RV0 >

d

d󳰀
V0 (I12)

RV0 ≤
d2

d󳰀2
V0 (I21)

d2

d󳰀2
V0 < RV0 ≤

ud

u󳰀d
󳰀
V0 (I22) RV0 >

ud

u󳰀d
󳰀
V0 (I23)

Figure 4: Possible intervals for 𝑉𝑅0 according to expressions
𝑉(𝐴𝐵)

(1)

0 and 𝑉(𝐴𝐵)(2)0 . Source: own elaboration.

Hereinafter, we are going to suppose that the logical
hypothesis of Lemma 5 about themarket discount rate always
holds. Now, we can deduce the following statement.

Proposition 6. 𝑉(𝐴𝐵)(2)0 ≥ 𝑉(𝐴𝐵)
(1)
0 ≥ 𝑉0 − 𝐼0.

Proof. For a better understanding of this demonstration,
Figure 4 shows the possible intervals to which 𝑅𝑉0 can
belong according to the different intervals defining 𝑉(𝐴𝐵)(1)0
and 𝑉(𝐴𝐵)(2)0 . Therefore, we have distinguished between the
intervals of 𝑅𝑉0 corresponding to the option to abandon
within a period (indicated in blue) and the option to abandon
within two periods (indicated in orange).

To understand the meaning of Figure 4, we must clarify
that if 𝑅𝑉0 belongs to some interval of period 2 then it
belongs to the intervals of period 1 located in the adjacent cells
immediately above. In effect, the following hold:

(1) If 𝑅𝑉0 ≤ (𝑑
2
/𝑑
󸀠2
)𝑉0, since 𝑑/𝑑󸀠 < 1, it can

immediately be deduced that 𝑅𝑉0 ≤ (𝑑
2
/𝑑
󸀠2
)𝑉0 <

(𝑑/𝑑
󸀠
)𝑉0. Therefore, as expected, 𝐼21 ⊆ 𝐼11.

(2) If (𝑑2/𝑑󸀠2)𝑉0 < 𝑅𝑉0 ≤ (𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0, a priori there

could be any relationship of inequality between 𝑅𝑉0
and (𝑑/𝑑󸀠)𝑉0. Therefore, 𝐼22 ⊆ 𝐼11 ∪ 𝐼12.

(3) Finally, if (𝑢𝑑/𝑢󸀠𝑑󸀠)𝑉0 < 𝑅𝑉0, then (𝑑/𝑑
󸀠
)𝑉0 <

(𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0 < 𝑅𝑉0 because (𝑢/𝑢

󸀠
) > 1. Hence, 𝐼23 ⊆

𝐼12.

Once the implications schematized in Figure 4 have been
shown, wewill demonstrate the statement of this proposition.
In effect, the following hold:

(1) If 𝑅𝑉0 ≤ (𝑑
2
/𝑑
󸀠2
)𝑉0, the project value is not affected

by the option to abandon and therefore (remember
that 𝐼21 ⊆ 𝐼11)

𝑉 (𝐴𝐵)
(2)

0 = 𝑉0 − 𝐼0 = 𝑉 (𝐴𝐵)
(1)

0 ,
(27)

which is the expected equality/inequality.

(2) If (𝑑2/𝑑󸀠2)𝑉0 < 𝑅𝑉0 ≤ (𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0, the present value

of the investment project with the option to abandon
within two periods is

𝑉 (𝐴𝐵)
(2)

0 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0. (28)

Now we are going to compare this value with the
project value without the option to abandon, 𝑉0 − 𝐼0,
which coincideswith the project valuewith the option
to abandon within a period when 𝑅𝑉0 ≤ (𝑑/𝑑

󸀠
)𝑉0.

Moreover, we can write

𝑉0 − 𝐼0 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
2
𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0. (29)

Hence, since 𝑑2𝑉0 < 𝑑
󸀠2
𝑅𝑉0, the following inequality

holds:

𝑉 (𝐴𝐵)
(2)

0 > 𝑉0 − 𝐼0 = 𝑉 (𝐴𝐵)
(1)

0 .
(30)

Thus, it remains to compare the project value includ-
ing the option to abandon within a period when
𝑅𝑉0 > (𝑑/𝑑

󸀠
)𝑉0:

𝑉 (𝐴𝐵)
(1)

0 =
𝑝𝑢𝑉0 + 𝑞𝑑

󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0 (31)

with the project value including the option to aban-
don within two periods. To do this, we will take into
account that

𝑝𝑢

1 + 𝑟𝑓

= 1 −

𝑞𝑑

1 + 𝑟𝑓

(32)

and that, from Lemma 5,

𝑞𝑑
󸀠

1 + 𝑟𝑓

> 1 −

𝑝𝑢
󸀠

1 + 𝑟𝑓

. (33)



Advances in Decision Sciences 7

In this case,

𝑉 (𝐴𝐵)
(2)

0 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0

>

𝑝𝑢𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢𝑑𝑉0

(1 + 𝑟𝑓)
2
+

2𝑝𝑞𝑢𝑑𝑉0

(1 + 𝑟𝑓)
2

+

𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢
󸀠
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2
− 𝐼0

=

𝑝𝑢𝑉0

1 + 𝑟𝑓

+

𝑝𝑞𝑢𝑑𝑉0

(1 + 𝑟𝑓)
2
+

𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢
󸀠
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2
− 𝐼0

>

𝑝𝑢𝑉0 + 𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0 = 𝑉 (𝐴𝐵)
(1)

0 ,

(34)

since 𝑢󸀠𝑑󸀠𝑅𝑉0 ≤ 𝑢𝑑𝑉0. Therefore, the expected
equality/inequality holds.

(3) Finally, if 𝑅𝑉0 > (𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0, the present value of the

investment project with the option to abandon within
two periods is

𝑉 (𝐴𝐵)
(2)

0 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢

󸀠
𝑑
󸀠
𝑅𝑉0 + 𝑞

2
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0. (35)

Taking into account that 𝑉0 − 𝐼0 = (𝑝
2
𝑢
2
𝑉0 +

2𝑝𝑞𝑢𝑑𝑉0+𝑞
2
𝑑
2
𝑉0)/(1+𝑟𝑓)

2
−𝐼0, it can be easily shown

that

𝑉 (𝐴𝐵)
(2)

0 > 𝑉0 − 𝐼0,
(36)

since 𝑢󸀠𝑑󸀠𝑅𝑉0 > 𝑢𝑑𝑉0 which moreover implies that
𝑑
󸀠2
𝑅𝑉0 > 𝑑

2
𝑉0. Therefore, we have just shown that

the project value including the option to abandon
within two periods is greater than or equal to the
project value without such an option. Thus, the next
step consists in comparing the project value with the
option to abandon within two periods and its value

including the option to abandon within one period.
To do this, we will consider again (32) and (33) which
lead to

𝑉 (𝐴𝐵)
(2)

0 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢

󸀠
𝑑
󸀠
𝑅𝑉0 + 𝑞𝑑

󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0

>

𝑝𝑢𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢𝑑𝑉0

(1 + 𝑟𝑓)
2
+

2𝑝𝑞𝑢
󸀠
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2

+

𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢
󸀠
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2
− 𝐼0

=

𝑝𝑢𝑉0

1 + 𝑟𝑓

−

𝑝𝑞𝑢𝑑𝑉0

(1 + 𝑟𝑓)
2
+

𝑝𝑞𝑢
󸀠
𝑑
󸀠
𝑅𝑉0

(1 + 𝑟𝑓)
2

+

𝑞𝑑
󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0 >
𝑝𝑢𝑉0 + 𝑞𝑑

󸀠
𝑅𝑉0

1 + 𝑟𝑓

− 𝐼0

= 𝑉 (𝐴𝐵)
(1)

0 ,

(37)

since 𝑢󸀠𝑑󸀠𝑅𝑉0 > 𝑢𝑑𝑉0, which shows the expected
inequality.

Example 7. In Example 2, the project value of the mobile
phone company with the option to abandon within two
periods is

𝑉 (𝐴𝐵)
(2)

0

=

{
{
{
{

{
{
{
{

{

−4, if 𝑅𝑉0 ≤ 38.72

0.2689𝑅𝑉0 − 14.46, if 38.72 < 𝑅𝑉0 ≤ 74.67

0.8542𝑅𝑉0 − 58.15, if 𝑅𝑉0 > 74.67

(38)

whose graphic representation can be seen in Figure 5 (indi-
cated in green).

Corollary 8. The value of the option to abandon the project
after two periods, denoted by 𝑂(2)

𝐴𝐵
, is

𝑂
(2)

𝐴𝐵 =

{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{

{

0, 𝑖𝑓 𝑅𝑉0 ≤
𝑑
2

𝑑
󸀠2
𝑉0

𝑞
2
(𝑑
󸀠2
𝑅𝑉0 − 𝑑

2
𝑉0)

(1 + 𝑟𝑓)
2

, 𝑖𝑓

𝑑
2

𝑑
󸀠2
𝑉0 < 𝑅𝑉0 ≤

𝑢𝑑

𝑢
󸀠
𝑑
󸀠
𝑉0

2𝑝𝑞 (𝑢
󸀠
𝑑
󸀠
𝑅𝑉0 − 𝑢𝑑𝑉0) + 𝑞

2
(𝑑
󸀠2
𝑅𝑉0 − 𝑑

2
𝑉0)

(1 + 𝑟𝑓)
2

, 𝑖𝑓 𝑅𝑉0 >
𝑢𝑑

𝑢
󸀠
𝑑
󸀠
𝑉0.

(39)
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V(AB)(1)0

V(AB)(2)0
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Figure 5: Project value with the option to abandon within one and
two periods. Source: own elaboration.

Proof. In effect, the value of the option to abandon the
project within two periods can be calculated as the difference
between the project values with the option, 𝑉(𝐴𝐵)(2)0 , and
without it, 𝑉0 − 𝐼0; namely,

𝑂
(2)

𝐴𝐵 fl 𝑉 (𝐴𝐵)
(2)

0 − (𝑉0 − 𝐼0) .
(40)

Thus, in order to ascertain more the value of 𝑂(2)
𝐴𝐵
, we

have to take into account the three possible expressions for
𝑉(𝐴𝐵)

(2)
0 . In the first case, the proof is obvious. However, we

present the following calculations for the second and third
cases:

(1) If (𝑑2/𝑑󸀠2)𝑉0 < 𝑅𝑉0 ≤ (𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0, the option value

can be calculated as follows:

𝑂
(2)

𝐴𝐵 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0

− (

𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
2
𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0) ,

(41)

which, once simplified, remains as

𝑂
(2)

𝐴𝐵 =

𝑞
2
(𝑑
󸀠2
𝑅𝑉0 − 𝑑

2
𝑉0)

(1 + 𝑟𝑓)
2

. (42)

20 40 600 10080
RV0

0

5

10

15

20

25

30
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AB
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AB

Figure 6: Option value to abandon within one and two periods.
Source: own elaboration.

(2) If 𝑅𝑉0 > (𝑢𝑑/𝑢
󸀠
𝑑
󸀠
)𝑉0, the expression of the option to

abandon within two periods is the following:

𝑂
(2)

𝐴𝐵 =
𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢

󸀠
𝑑
󸀠
𝑅𝑉0 + 𝑞

2
𝑑
󸀠2
𝑅𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0

− (

𝑝
2
𝑢
2
𝑉0 + 2𝑝𝑞𝑢𝑑𝑉0 + 𝑞

2
𝑑
2
𝑉0

(1 + 𝑟𝑓)
2

− 𝐼0)

=

2𝑝𝑞 (𝑢
󸀠
𝑑
󸀠
𝑅𝑉0 − 𝑢𝑑𝑉0) + 𝑞

2
(𝑑
󸀠2
𝑅𝑉0 − 𝑑

2
𝑉0)

(1 + 𝑟𝑓)
2

.

(43)

Example 9. In Example 2, the option value of the mobile
phone company to abandon within two periods is

𝑂
(2)

𝐴𝐵

=

{
{
{
{
{

{
{
{
{
{

{

0, if 𝑅𝑉0 ≤ 38.72

0.2689𝑅𝑉0 − 10.46, if 38.72 < 𝑅𝑉0 ≤ 74.67

0.8542𝑅𝑉0 − 54.15, if 𝑅𝑉0 > 74.67

(44)

whose graphic representation can be seen in Figure 6 (indi-
cated in green).
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4. Option to Abandon within 𝑛 Periods

In this section, we are going to determine the general math-
ematical expression for the present value of an investment
project which includes the option to abandon within n
periods, denoted by 𝑉(𝐴𝐵)(𝑛)0 , and the value of this option,
denoted by 𝑂(𝑛)

𝐴𝐵
. In order to calculate 𝑉(𝐴𝐵)(𝑛)0 , we are going

to consider the following 𝑛 + 1 possible intervals for 𝑅𝑉0:

𝑅𝑉0 ≤
𝑑
𝑛

𝑑
󸀠𝑛
𝑉0, denoted by 𝐼𝑛,0.

𝑢
𝑘−1
𝑑
𝑛−𝑘+1

𝑢
󸀠𝑘−1
𝑑
󸀠𝑛−𝑘+1

𝑉0 < 𝑅𝑉0 ≤
𝑢
𝑘
𝑑
𝑛−𝑘

𝑢
󸀠𝑘
𝑑
󸀠𝑛−𝑘

𝑉0;

𝑘 = 1, 2, . . . , 𝑛 − 1, denoted respectively by 𝐼𝑛,𝑘.

𝑅𝑉0 >
𝑢
𝑛−1
𝑑

𝑢
󸀠𝑛−1
𝑑
󸀠
𝑉0, denoted by 𝐼𝑛,𝑛.

(45)

Observe that all these intervals are consecutive and disjoint
and have increasing left and right endpoints. Moreover, as
𝑢/𝑢
󸀠
> 𝑑/𝑑

󸀠, they are well defined. So, if 𝑅𝑉0 ∈ 𝐼𝑛,𝑘,
𝑘 = 0, 1, . . . , 𝑛, then 𝑅𝑉0 is greater than the left endpoints
of 𝐼𝑛,0, 𝐼𝑛,1, . . . , 𝐼𝑛,𝑘 and 𝑅𝑉0 is less than the right endpoints
of 𝐼𝑛,𝑘, 𝐼𝑛,𝑘+1, . . . , 𝐼𝑛,𝑛. Observe that there can be a value of
k such that 𝑢𝑘𝑑𝑛−𝑘/𝑢󸀠𝑘𝑑󸀠𝑛−𝑘 > 1. In such a case, the last
interval for 𝑅𝑉0 will be 𝑢

𝑘−1
𝑑
𝑛−𝑘+1

/𝑢
󸀠𝑘−1
𝑑
󸀠𝑛−𝑘+1

𝑉0 < 𝑅𝑉0 ≤

𝑉0 because, as indicated in Lemma 5, the inequality 𝑅𝑉0 > 𝑉0
does not make sense.Therefore, the mathematical expression

of 𝑉(𝐴𝐵)(𝑛)0 for the kth interval for 𝑅𝑉0 (𝑘 = 1, 2, . . . , 𝑛) is
the following:

𝑉 (𝐴𝐵)
(𝑛)

0 =

1

(1 + 𝑟𝑓)
𝑛 [𝑉0

𝑛−𝑘

∑

𝑖=0

(

𝑛

𝑖

) (𝑝𝑢)
𝑛−𝑖
(𝑞𝑑)
𝑖

+ 𝑅𝑉0

𝑛

∑

𝑖=𝑛−𝑘+1

(

𝑛

𝑖

) (𝑝𝑢
󸀠
)

𝑛−𝑖
(𝑞𝑑
󸀠
)

𝑖
] − 𝐼0.

(46)

Now, we are going to obtain a more simplified expression
which will be useful to determine later the mathematical
expression of the option to abandon the project after n
periods. In effect, we can write

𝑉 (𝐴𝐵)
(𝑛)

0 = 𝑉0

−

1

(1 + 𝑟𝑓)
𝑛 [𝑉0

𝑛

∑

𝑖=𝑛−𝑘+1

(

𝑛

𝑖

) (𝑝𝑢)
𝑛−𝑖
(𝑞𝑑)
𝑖

− 𝑅𝑉0

𝑛

∑

𝑖=𝑛−𝑘+1

(

𝑛

𝑖

) (𝑝𝑢
󸀠
)

𝑛−𝑖
(𝑞𝑑
󸀠
)

𝑖
] − 𝐼0 = 𝑉0

+

1

(1 + 𝑟𝑓)
𝑛

𝑛

∑

𝑖=𝑛−𝑘+1

(

𝑛

𝑖

)𝑝
𝑛−𝑖
𝑞
𝑖
(𝑢
󸀠𝑛−𝑖
𝑑
󸀠𝑖
𝑅𝑉0
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(47)

Consequently, the extended expression of 𝑉(𝐴𝐵)(𝑛)0 is
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0 =
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{
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{
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{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝑉0 − 𝐼0, if 𝑅𝑉0 ≤
𝑑
𝑛

𝑑
󸀠𝑛
𝑉0

𝑉0 +

𝑞
𝑛
(𝑑
󸀠𝑛
𝑅𝑉0 − 𝑑

𝑛
𝑉0)

(1 + 𝑟𝑓)
𝑛 − 𝐼0, if 𝑑

𝑛
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(48)

It is easy to observe that 𝑉(𝐴𝐵)(𝑛)0 is increasing by inter-
vals and that, using reasoning similar to the proof of
Proposition 6, we can show that

𝑉 (𝐴𝐵)
(𝑛)

0 ≥ 𝑉 (𝐴𝐵)
(𝑛−1)

0 ≥ ⋅ ⋅ ⋅ ≥ 𝑉 (𝐴𝐵)
(1)

0 ≥ 𝑉0 − 𝐼0.
(49)

Example 10. In Example 2, the project value of the mobile
phone company with the option to abandon within five
periods is

𝑉 (𝐴𝐵)
(5)

0

=

{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{

{

−4, if 𝑅𝑉0 ≤ 9.33

0.0375𝑅𝑉0 − 4.35, if 9.33 < 𝑅𝑉0 ≤ 17.99

0.2415𝑅𝑉0 − 8.02, if 17.99 < 𝑅𝑉0 ≤ 34.69

0.6856𝑅𝑉0 − 23.42, if 34.69 < 𝑅𝑉0 ≤ 66.90

1.1688𝑅𝑉0 − 55.75, if 𝑅𝑉0 > 66.90

(50)
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Figure 7: Project value with the option to abandon within one, two,
and five periods. Source: own elaboration.

whose graphic representation can be seen in Figure 7 (indi-
cated in red).

Finally, the mathematical expression of 𝑂(𝑛)
𝐴𝐵

is

𝑂
(𝑛)

𝐴𝐵 = 𝑉 (𝐴𝐵)
(𝑛)
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𝑅𝑉0 − 𝑢

𝑛−𝑖
𝑑
𝑖
𝑉0) .

(51)

Consequently, the extended expression of 𝑂(𝑛)
𝐴𝐵

is
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(52)

Example 11. In Example 2, the option value of the mobile
phone company to abandon within five periods is

𝑂
(5)

𝐴𝐵

=

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

0, if 𝑅𝑉0 ≤ 9.33

0.0375𝑅𝑉0 − 0.35, if 9.33 < 𝑅𝑉0 ≤ 17.99

0.2415𝑅𝑉0 − 4.02, if 17.99 < 𝑅𝑉0 ≤ 34.69

0.6856𝑅𝑉0 − 19.42, if 34.69 < 𝑅𝑉0 ≤ 66.90

1.1688𝑅𝑉0 − 51.75, if 𝑅𝑉0 > 66.90

(53)

whose graphic representation can be seen in Figure 8 (indi-
cated in red).

5. Conclusion

Real options constitute an important part of project assess-
ment; they provide a means to assess the value of flexibility in
business operations. Given the limited use of the methodolo-
gies to quantify real options in business practice, as a result of

their high degree of sophistication, this paper aims to provide
a simple formula to quantify the value of one of the types of
real optionsmost common in practice: the option to abandon.

Obviously, the right to exercise the option to abandon
allows the sale of the project in exchange for its residual
value, since this operation is similar to a put option. In this
way, the methodology employed to develop the expression
to obtain the value of the option to abandon is based on
the implementation of the binomial options pricing model.
The procedure consists in an accurate reconstruction of all
possible future scenarios with their respective probabilities
of occurrence. This analysis has been initially performed for
options to abandon whose maturity is within one period.
In the next step, we deduce the expression of those options
whose expiry is within two periods and, finally, the corre-
sponding expression for options expiring within n periods is
obtained.

The main contribution of this paper is the introduction
of the mathematical expression, complementary to the net
present value expression, in order to quantify in an intuitive
way the value of a project including the option to abandon
within a given period. Its use contributes to a more accurate
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assessment, thus giving more control over the element of
uncertainty.

In all cases, it has been shown that the option value to
abandon is greater than or equal to zero and that, as the
maturity of the option increases, its value also increases. This
analysis has been completed with the graphic representation
of the value of the project and the option in every one of the
expiry periods considered (one, two, and n periods), using a
numerical example.
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